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EXTENDED PERIODIC LINKS AND HOMFLYPT POLYNOMIAL
NAFAA CHBILI AND HAJER JEBALI
Abstract. Extended strongly periodic links have been introduced by Przy-
tycki and Sokolov as a symmetric surgery presentation of three-manifolds on
which the finite cyclic group acts without fixed points. The purpose of this
paper is to prove that the symmetry of these links is reflected by the first
coefficients of the HOMFLYPT polynomial.
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1. Introduction
Let G be the cyclic group of order p, where p is a prime and let S3 be the
three-dimensional sphere. We say that G acts semi-freely on S3, if the action of G
leaves a circle γ as the set of fixed points. By the positive solution of the Smith
conjecture [1], we know that γ is unknotted and such action is conjugate to an
orthogonal action, which is actually a rotation by an angle of 2pi
p
. Moreover, the
quotient space in that case is homeomorphic to S3. A link L in S3 is said to be
periodic if it is set-wise invariant by the rotation and L ∩ γ = ∅. If L is a periodic
link, then we denote by L its quotient (factor) link. For each component l¯i of L¯, let
ki be the linking number between li and γ. It is well known that the total number
of components of L is
∑
i gcd(ki, p). A p-periodic link is said to be strongly periodic
if the linking number of each component of the quotient link with γ is congruent
to zero modulo p. The importance of this class of links is due to the fact that
they provide an equivariant surgery presentation for branched cyclic covers along
knots. More precisely, Przytycki and Sokolov [11] proved that a three-manifold
admits a semi-free action of the finite cyclic group of order p with a circle as the
set of fixed points if and only if M is obtained from the three-sphere by surgery
along a strongly p−periodic link. The study of the quantum invariants of strongly
periodic links led to many interesting criteria for periodicity of three-manifolds. For
instance, the computation of the second coefficient of the Conway polynomial of
strongly periodic links was used to prove that the Casson-Walker-Lescop invariants
of periodic 3-manifolds satisfies a certain congruence relation [4]. The study of the
Jones polynomial of this class of links was used to find necessary conditions for a
3-manifold to be periodic, see [2, 3, 8, 6] for instance.
In the same context, Prytycki and Sokolov introduced a symmetric surgery pre-
sentation for freely-periodic 3-manifolds. More precisely, they proved that if a
3-manifold admits an action of the cyclic group G which has no fixed points, then
M is obtained from S3 by surgery along a link L′ = L ∪ γ where L is a strongly
p-periodic link. We will refer to the link L′ as extended strongly p−periodic link.
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This paper initiates the study of the quantum invariants of this class of links. Our
ultimate goal is to establish new obstruction criteria for 3-manifolds periodicity
based on the study of quantum invariants of extended strongly periodic links.
The HOMFLYPT polynomial is a topological invariant of isotopy classes of oriented
links that was introduced as a natural generalization of the Jones polynomial, [7, 12].
It is a two-variable polynomial PL(v, z) that can be defined recursively as follows:
(i) P©(v, z) = 1,
(ii) v−1PL+(v, z)− vPL−(v, z) = zPL0(v, z),
where © is the trivial knot, L+, L− and L0 are three link projections which are
identical except at a given crossing where they look as pictured below.
L+ L− L0
Figure 1.
If L is an n-components link, then PL(v, z) =
∑
i≥0
P1−n+2i(v)z
1−n+2i, where
P1−n+2i(v) ∈ Z[v±1]. In particular, if L is a knot then PL(v, z) =
∑
i≥0
P2i(v)z
2i,
where P2i(v) ∈ Z[v±2]. The purpose of this paper is to prove the following neces-
sary conditions for a link to be an extended strongly periodic link:
Theorem 1.1. Let p be an odd prime. Let L′ = L ∪ γ be an extended strongly
p−periodic link. If L′ has n components, then
(1) P1−n,L′(v) ∈ Zp[v±p],
(2) P1−n+2i,L′(v) ≡ 0, mod p, for all 1 ≤ i ≤
p−1
2 .
Using Knotinfo [8], we have checked that only 14 links with a number of crossings
less than or equal to 11 satisfy Condition 2 of Theorem 1.1, for p = 3. These links
are:
L10n100{0, 1, 0};L10n100{0, 1, 1};L10n103{0, 0, 0} and L10n103{0, 0, 1}, which have
P−1(v) = −3v−7 + 6v−5 − 3v−3,
L10n107{0, 0, 0};L10n107{1, 0, 0};L10n107{0, 1, 0};L10n107{1, 1, 0};L10n107{0, 0, 1},
L10n107{1, 0, 1};L10n107{0, 1, 1} and L10n107{1, 1, 1} which have P−1(v) = 0,
L11n448{1, 1, 0} and L11n448{1, 1, 1} which have P−1(v) = 3v3 − 6v5 + 3v7.
Since our ultimate goal is the study of the quantum invariants of freely periodic
three-manifolds, we would like to mention that one can write a colored version
of Theorem 1.1. In other words, these results can be be generalized to the link
L′r = L∪ γr which is obtained by taking a diagram of L′, then substituting γ by r
parallel copies. The consequences of this colored version on the quantum invariants
of periodic 3-manifolds will be discussed in a forthcoming paper.
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Theorem 1.2. Let p be an odd prime. If L′r has n components, then
(1) (v − v−1)1−rP1−n,L′r(v) ∈ Zp[v
±p],
(2) P1−n+2i,L′r (v) ≡ 0, mod p, for all 1 ≤ i ≤
p−1
2 .
2. Periodic links
In this section, we shall define extended periodic links and briefly review some
of their properties which will be needed in rest of the paper.
Definition 2.1. Let p ≥ 2 be an integer. A link L of S3 is said to be p-periodic
if and only if there exists an orientation-preserving auto-diffeomorphism h of S3
such that:
1) γ =Fix(h) is homeomorphic to the circle S1,
2) the link L is disjoint from γ,
3) h is of order p,
4) h(L) = L.
If L is periodic we will denote the quotient link by L.
By the positive solution of the Smith Conjecture [1], γ is unknotted and the
diffeomorphism h is conjugate to a rotation ϕp by an angle of
2pi
p
. Recall here that
if the quotient link L is a knot then the link L may have more than one component.
In general, the number of components of L depends on the linking numbers of the
components of L with the axis of the rotation.
Note that if L is a p-periodic link, then there exists an n-tangle T , such that L
is isotopic to the closure of T p; L = T̂ p. Consequently, L has a diagram which is
invariant by a planar rotation of angle 2pi
p
. A special class of periodic links has been
introduced by Przytycki and Sokolov [11] as in the following definition.
Definition 2.2. Let p ≥ 2 be an integer. A p-periodic link L is said to be
strongly p-periodic if and only if one of the following equivalent conditions holds:
(i) The linking number of each component of L with the axis ∆ is 0 modulo p.
(ii) The group Zp acts freely on the set of components of L.
(iii) The number of components of L is p times greater than the number of
components of L.
If L is a strongly p periodic link, then the link L′ = L ∪ γ is called an extended
strongly p-periodic link. Notice that an extended strongly p-periodic link L′ has
pα + 1 components, where α is the number of components of the quotient link L.
The pα components are divided into α orbits with respect to the free action of Zp
(condition (i)).
Assume that L = l1 ∪ · · · ∪ lα, there is a natural cyclic order on each orbit of
components of L. Namely,
L = l11 ∪ · · · ∪ l
p
1 ∪ l
1
2 ∪ · · · ∪ l
p
2 ∪ · · · ∪ l
1
α ∪ · · · ∪ l
p
α
where ϕp(l
t
i) = l
t+1
i ∀1 ≤ t ≤ p− 1 and ϕp(l
p
i ) = l
1
i , for all 1 ≤ i ≤ α.
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Figure 2: A strongly 3-periodic link in left and an extended strongly 3-periodic
link in the right
A three-manifold M is said to be p-periodic if the finite cyclic group Zp acts
semi-freely on M with a circle as the set of fixed points. According to [11] and
[14], we know that a three-manifold is p-periodic if and only if is obtained from S3
by surgery along a strongly p-periodic link. A three-manifold is said to be freely
p-periodic if it admits a fixed-points free action of Zp. Przytycki and Sokolov gave
an equivariant surgery presentation of such manifolds. More precisely, they proved
that a three-manifold is freely p-periodic if and only if it can be obtained from S3
by surgery along an extended strongly p-periodic link [11].
3. Proofs
Proof of Theorem 1.1
The proof of Condition 1 is straightforward using the following Lemma:
Lemma 3.1 [9]. Let K = k1 ∪ k2 ∪ · · · ∪ kn be an n-component link. Then
P1−n,K(v) = v
2λ(v−1 − v)n−1
n∏
i=1
P0,ki(v),
where λ denotes the total linking number of the link K.
In the case of an extended strongly p-periodic link, L′ = l11 ∪ · · · ∪ l
p
1 ∪ l
1
2 ∪ · · · ∪
l
p
2 ∪ · · · ∪ l
1
α ∪ · · · ∪ l
p
α ∪ γ, we get:
P−pα,L′(v) = v
2λ(v−1 − v)pαP0,γ(v)
α∏
i=1
p∏
k=1
P0,lk
i
(v) = v2λ(v−1 − v)pα
α∏
i=1
[P0,l1
i
(v)]p
We conclude using the fact that the total linking number λ is a multiple of p.
Now, we shall prove Condition 2 of Theorem 1.1. It is worth mentioning that
the proof is a generalization of some techniques used in [15, 16, 17] in the case
of periodic knots. We will first introduce some notation. Let L be a p-periodic
link in the three-sphere and let L be its quotient link. Thus L = pi−1(L), where
pi is the canonical surjection corresponding to the action of the rotation ϕp on the
three-sphere. Let L+, L− and L0 denote the three links which are identical to L
except near one crossing where they are like in Figure 1. Now, let Lp+ := pi
−1(L+),
Lp− := pi
−1(L−) and Lp0 := pi
−1(L0). Let Dp+ (respectively Dp− and Dp0) a link
diagram of Lp+ (respectively Lp−, Lp0) which is invariant by a planar rotation. We
define an equivariant crossing change as a change that transforms Dp+ into Dp− or
vice-versa. If this crossing change involves two different components of the factor
link, then we call it a mixed equivariant crossing change. Otherwise, it is called a
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self equivariant crossing change.
The proof of Condition 2 will be done by induction on the number of crossings
of D. If D has no crossings, then the condition is obviously true as D′ is the unlink
with pα+ 1 components.
Now, our strategy is as follows. Starting from a diagram of an extended strongly
periodic link D′ = D∪ γ, we shall use equivariant crossing changes to reduce D′ to
an extended torus link T (p, kp) ∪ γ keeping the coefficients P1−n+2i(v) unchanged
modulo p and up to the multiplication by a power of v2p, for 1 ≤ i ≤ p−12 . Without
loss of generality, we can assume that D′ = D′p+. First, we prove the following
lemma.
Lemma 3.2. v−pPD′
p+
(v, z)− vpPD′
p−
(v, z) ≡ zpPD′p0(v, z) modulo p.
Proof. The idea of the proof is based on writing the skein relations along p cross-
ings of L which belong to the same orbit. We notice that since p is prime then the
contribution of certain links will add to zero modulo p. We remain only with the
extended strongly periodic links D′p+, D
′
p− and D
′
p0 and it can be seen that their
polynomials satisfy the congruence in the lemma, see also [15].
Lemma 3.3. For all 0 ≤ i ≤ p−12 , we have: P−pα+2i,D′p+(v) ≡ v
2pP−pα+2i,D′
p−
(v)
modulo p.
Proof. Assume that D′p+ has pα+ 1 components, then D
′
p− has pα+ 1 compo-
nents as well. To determine the number of components of link D′p0 we shall look at
the effect of the crossing change at the factor link. If the crossing to be smoothed
is mixed, then two components will merge into one whose linking number with γ
is zero modulo p, as the sum of the two linking numbers. Hence, D′p0 will be an
extended strongly p-periodic link with p(α− 1)+ 1 components. Consequently, the
lowest power of z that appears in the right hand side of the congruence in Lemma
3.2 is zpz−p(α−1) = z−pα+2p. Hence, v−pP−pα+2i,D′
p+
(v) − vpP−pα+2i,D′
p−
(v) ≡ 0
modulo p for 0 ≤ i ≤ p− 1 and Lemma 3.3 is proved in this case.
If the crossing to be smoothed in the factor link is a self-crossing, then that
component will split into two components and we will have two cases.
Case 1: D′p0 is an extended periodic link with p(α− 1) + 3. In this case the lowest
power of z that appears in the right hand side of the congruence in Lemma 2 is
zpz1−(p(α−1)+3) = z−pα+2p−2. Consequently,
v−pP−pα+2i,D′
p+
(v)− vpP−pα+2i,D′
p−
(v) ≡ 0 modulo p for 0 ≤ i < p− 1.
Case 2: D′p0 is an extended strongly p-periodic link with p(α+ 1)+ 1 components.
In this case, the diagram D′p0 has less crossings than D
′
p+. Then we can use the
induction assumption to conclude.
By the previous Lemma one can use the equivariant crossing change without
changing the first coefficients of the HOMFLYPT polynomial modulo p and up to
the multiplication by a power of vp. If the factor diagram L = l1 ∪ l2 · · · ∪ lα has
more than one component, then we can change some mixed crossings in order to
put the component l1 over the other components. Repeating this process for the
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remaining components, we should be able to split the factor link diagram into dis-
joint components. The corresponding equivariant crossing changes will then split
the diagram of Dp+ into a disjoint union of α orbits. The diagram of D
′
p+ can be
then seen as a connected sum of extended strongly periodic link diagrams each of
which has exactly p + 1 components. Consequently, it will be enough for the rest
of the proof to assume that D′p+ has exactly p+ 1 components.
Lemma 3.4. The diagram D′p+ = Dp+ ∪ γ can be transformed into a trivial
(p+ 1)-component link or T (p, kp) ∪ γ by equivariant crossing changes.
Proof. The diagram Dp+ can be seen as the closure of an n-tangle of the form
T p, where the closure of T represents the factor link diagram L. Using equivariant
crossing changes, Dp+ can be transformed into the closure of a braid of the form
Bp or a trivial p-component link, see [15, 4]. Following [15], we can use equivari-
ant crossing changes to transform the closure of Bp into a torus link of the type
T (p, kp). Then, D′p+ is transformed into T (p, kp) ∪ γ.
Lemma 3.5. If L′ = T (p, pk) ∪ γ, then P−p+2i,L′(v) ≡ 0, mod p, for all
1 ≤ i ≤ p−12 .
Proof. Recall that L′ is made up of p components permuted cyclically by the
action of the rotation, in addition to the unknotted component γ. Consequently,
if we make a crossing change between γ and any of the other components then the
resulting links will be isotopic. Thus, if we write the skein relation corresponding
to the change of these p crossings, we get:
v−pPL′,p+(v, z) − v
pPL′,p−(v, z) ≡ z
pPL′,p0(v, z). Since L
′
p0 is a knot, we can see
that v−pPL′,p+(v, z)− vpPL′,p−(v, z) ≡ 0 modulo p for 1 ≤ 2i < p.
We can repeat these changes if necessary until we split γ from the torus link. Then
PL′(v, z) is congruent to PT (p,kp)(v, z) modulo p and up to the multiplication by a
power of v2p. The latter satisfies Condition 2 of Theorem 1.1 as it was proved in
Lemma 2.8 of [17].
Proof of Theorem 1.2
The condition 1 can be proved by using Lemma 3.1 for an extended strongly p-
periodic link, L′r = l11 ∪ · · · ∪ l
p
1 ∪ l
1
2 ∪ · · · ∪ l
p
2 ∪ · · · ∪ l
1
α ∪ · · · ∪ l
p
α ∪ γ
r. We have:
P1−pα−r,L′r (v) = v
2λ(v−1 − v)pα+r−1 (P0,γ(v))
r
α∏
i=1
(
P0, l
1
i (v)
)p
= v2λ(v−1 − v)pα+r−1
α∏
i=1
(
P0,l1
i
(v)
)p
.
Now it is sufficient to use the fact that the total linking number λ is a multiple
of p.
Let us prove condition 2 of Theorem 1.2. Let D′r = D ∪ γr be a diagram of
the extended strongly periodic link L′r. The proof is done by induction on r. The
case r = 1 corresponds to Theorem 1.1. Assume that r > 1 and that the condition
holds for r − 1. By the equivariant crossing changes illustrated above, we should
be able to split the orbits of D as it was done in the proof of Lemma 3.3. Then,
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transform each of these orbits into either a trivial p-component link or a torus link
of type T (p, kp) as explained in the proof of Lemma 3.4. In the next step we can
use crossing changes between one of the copies of γ and the torus link to split them
from each other. Repeating these operations if necessary, we can split that copy of
γ from the rest of link. Then, we can conclude using the induction assumption.
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